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Abstract 
Elduque, A. and H.C. Myung, The reductive pair (I?,, G,) and affine connections on S’, 
Journal of Pure and Applied Algebra 86 (1993) 155-171. 
The reductive pair (B,, G,) over an arbitrary field F of characteristic #2,3 is described in terms 
of an octonion algebra 0 over F and its associated spin representation. The reductive algebra 
associated with (Bar G,) is shown to be isomorphic to the vector Malcev algebra of 0. This is 
applied to realize the sphere S’ as the reductive homogeneous space Spin(7)/G, in an algebraic 
framework, and then to determine all invariant affine connections on S’ = Spin(7)l G, in terms 
of the compact Malcev algebra of dimension 7. An application is also noted in reference to 
Lagrangian mechanics on S’. 
1. Introduction 
Let g be a Lie algebra with multiplication [ , ] over an arbitrary field F. A 
subalgebra h of g is called a reductive subalgebra of g if there exists a subspace m 
of g such that 
g=m@h (1) 
(a vector space direct sum) and (ad h) m = [h, m] c m. In this case, (g, h) is called 
a reductive pair. For a reductive pair (g, h) with decomposition (1) and for 
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x,y E m, let 
[x, Yl= [x3 Ylm + l-5 YL ) (2) 
where [x, y], and [x, y], denote the projections of [x, y] on m and h respectively. 
From the algebra identities in g, we find that (m, [ , I,) is an anticommutative 
algebra such that ad h c Der(m, [ , I,), the derivation algebra of (m, [ , I,). The 
algebra (m, [ , I,) is termed a reductive algebra associated with decomposition (1) 
]7,161. 
Reductive pairs and algebras naturally arise from the study of differential 
geometry of affine connections on homogeneous spaces, certain nonassociative 
algebras, particle physics and invariant system theory [6, 7, 19, 20 and references 
therein]. The underlying idea in this study is intimately related to the problem of 
determining algebras having a prescribed Lie group or Lie algebra as their 
automorphism group or derivation algebra. Algebras with the compact Lie group 
SU(3) or G, as its automorphism group have extensively been investigated in 
particle physics and for the study of finite-dimensional real division algebras 
(necessarily of dimensions 1, 2, 4 or 8) [l, 21. Examples of such algebras are the 
color algebra of the Gell-Mann quark model, octonion and para-octonion 
algebras along with their variants, and the real Okubo algebra [6,7]. It is also 
known that SU(3) and G, are the only simple Lie groups which occur as 
automorphism groups of real division algebras of dimension 8 [ 11. Using this, such 
division algebras have been determined and contain the Cayley algebra and its 
variants for Aut A = G, as well as the real Okubo algebra for Aut A = SU(3) 
[2, 61. 
Let G be a connected real Lie group with Lie algebra g and H be a closed (Lie) 
subgroup of G with Lie algebra h. The homogeneous space G/H is called 
reductive if there is a decomposition given by (1) such that (Ad H)m C m. In 
particular, (g, h) is a reductive pair, and if H is connected then reductivity of 
(g, h) implies (Ad H)m C m. Let g have a fixed decomposition given by (1) with 
(Ad H)m c m. Then, GIH is endowed with an analytic structure with m as the 
tangent space T(G/H, 2) at Z = eH. The relation between G-invariant affine 
connections on G/H and algebra multiplications * on m is given by the Fun- 
damental Existence Theorem for affine connections [17]: 
Theorem 1. Let GIH be a reductive homogeneous space with a fixed decomposi- 
tion (1) such that (Ad H)m c m. Then, there exists a bijective correspondence 
between the set of all G-invariant affine connections V on GIH and the set of 
algebra multiplications * on m such that Ad H C Aut(m, *). The correspondence is 
given by x *y = (V_-y)(Z) for x,y E m, where x”, y” are vector fields uniquely 
determined by x and y on a neighborhood % of Z. 0 
In this case, (m, *) is called the connection algebra associated with V. The 
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algebra Cm, i[, I,,,) corresponds to a unique connection on G/H, called the 
canonical connection of the first kind, which has zero torsion and its geodesics are 
of the form (exp tx)H (t E IF!) for some x E m [19,20]. Note that the condition 
Ad H C Aut(m, *) implies ad h c Der(m, *), and they are equivalent if H is 
connected. Algebra properties of (m, *) have been used to describe geometric 
properties of connections on G/H, such as geodesics, trajectories, torsion, 
curvature, holonomy, etc. [19,20]. 
Therefore, the determination of all G-invariant affine connections on G/H 
reduces to the classification of all algebras (m, *) with ad h c Der(m, *). More 
recently, the latter problem has been investigated for algebras over an arbitrary 
field of characteristic #2,3. Both color algebras and Okubo algebras are defined 
over any field F of characteristic #2,3 and have central simple Lie algebras of 
type A, as derivation algebras [5-71. Moreover, it is shown that the algebra 
(m, [ , I,) determined by a reductive pair (G2, AZ) of central simple Lie algebras 
G, and A, over F is isomorphic to a vector color algebra over F (of dimension 6) 
[7]. In particular, for the reductive pair (G,, SU(3)) with compact G,, (m, [ , I,,,) 
is isomorphic to the unique compact vector color algebra over 5% and the algebras 
(m, *) with SU(3) c Der(m, *) are parametrized by complex numbers in terms of 
(m, [ ,I,) [7,9]. This has b een used to determine all G,-invariant affine con- 
nections V on the sphere S6 = G,/SU(3) and to give explicit formulas for torsion 
and curvature tensors of V [7,9]. 
The purpose of this paper is to determine the algebras (m, [ , I,) for reductive 
pairs (B3, G2) of central simple Lie algebras B, and G, over F of characteristic 
#2,3 and all algebras (m, *) with G, c Der(m, *). It turns out that (m, [ , I,) is 
isomorphic to the Malcev algebra of vectors in a Cayley-Dickson algebra over F 
and the algebras (m, *) with G, c Der(m, *) are parametrized by scalars in F in 
terms of (m, [ , I,). We apply this to determine all Spin(7)-invariant connections 
on S7 = Spin(7)/G,. Our approach is based on many striking relationships of 
central simple Lie algebras A, C G, C B, with the algebraic properties of Cayley- 
Dickson algebras over F, and hence is purely algebraic. 
2. Vector Malcev algebras 
Let 0 be a Cayley-Dickson algebra with multiplication xy over a field F of 
characteristic #2,3. Thus, 0 is an g-dimensional central simple, alternative 
quadratic algebra with a unit element 1 over F; that is, 0 satisfies the identities 
X2Y = 4XY) > YX2 = (YX)X ” (3) 
x2 - t(x)x + n(x)1 = 0 ) (4) 
for all x,y E 0, where t and II are the trace and norm of 0. Let ( , ) be the 
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bilinear form on 0 associated with iz. Then, ( , ) is a symmetric nondegenerate 
form, and 0 decomposes as 
where V= {x E 0: t(x) = (1, x) = O}. Each element of V is called a vector in 0. 
For U,U E V, let u x u be the projection of uu onto V. Linearizing (4) with 
x = u + u and using t(u) = t(u) = 0, we obtain 
uu = -(u, u)1+ U x u ) i[u, u] = &(uu - uu) = u x u . (5) 
It is well known that (V, X) becomes a central simple Malcev algebra over F, 
called the vector Malcev algebra associated with 0, and that any central simple 
non-Lie Malcev algebra over F is isomorphic to a vector Malcev algebra over F 
[14]. Furthermore, two vector Malcev algebras are isomorphic if and only if their 
associated Cayley-Dickson algebras are isomorphic [ 141. 
There exists a standard basis { 1, ej: j = 1, . . ,7} of 0 such that {e,: j = 
1 ,..., 7) is an orthogonal basis of V relative to ( , ) and hence by (5) 
eie, = -e,e; = ei X e, , (6) 
for i#j=l,... ,7 (for a multiplication table, see [24, p. 341). A vector Malcev 
algebra (V, X) is called split if its associated Cayley-Dickson algebra 0 is split 
over F (i.e., 0 has a zero divisor), and there is, up to isomorphism, a unique split 
central simple Malcev algebra over F (of characteristic #2,3) [22]. If (V, X) is 
split, then it contains a basis {e,,, e_,, ei: i = 1,2,3} with multiplication [15, p. 176; 
171 
e, X e,, = *e+, , ei x e_, = ie,, , i-1,2,3, 
(7) 
e,, x ezj = *esk, (ijk) = (123), (231), (312). 
For x E 0, let L, and R, denote the left and right multiplications in 0 by X. We 
define the operators D,,, and d(u, u) by 
D 
XXY = L,,,,, - R,,,,, - 3]L,> RYl 9 (8) 
d(u, u)w = u x (u x w) - u x (u x w) + (u x u) x w ) (9) 
for x,y E @I and U,U, w E V. It follows that 
Der 0 = D,,, = Der(V, X) = d(V, V) 
and that Der 0 is a central simple Lie algebra of type G, over F [15,22]. The 
following result is useful for our discussion. 
The reductive pair (B,, G,) 159 
Lemma 2. Let {ej: j=l,... ,7} be the basis of (V, x ) given by (6). Then, for 
i#j=l,... ,7 and for u,u EV, we have 
D ez.e, = -(L,, + 2R,,) + 3L,,L, > (10) 
[L, + 2R,, L, + 2RJ = -2(L,.” + 2R,,,) + 2D,,, . (11) 
Proof. We first recall the identities 
[Lx, &I = [Rx> &I = Lx, - L,L, , (12) 
[Lx > Lyl = L,qy, - 2[L, 7 &I 9 (13) 
D x,Y = [Lx, LYl + [Rx> RYl + [Lx> RJ 2 (14) 
which are consequences of the alternative identities (3) [22, pp. 28 and 771. Since 
eiej = -ejei for i # j, it follows from (12) that 
D e,.e, =L k,.e,l -R,, ,,-3[L,,R,l l’ I 1 I 
= %,e, - %,e, - 3q,, + 3k+t? I 
= - we,e, - 2Rep,) + %,L,, . 
Using (12)-(14) and [u, u] = 2u x u for u,u E V, we compute 
[L, + 2R,> L, + %I 
= [L,, &,I + 4]R,, &I + 4]L,, &I by (12) 
=4D,. ) - 3]L, L”1 bY (14) 
= 4D,,, - 3(L,,,,, - 2]L9 Kl) by (13) 
= 4D,,, - 3&u,,, - 2(D,,, - L,,,,, + R,,,,,) by (8) 
=2D,,, -2(&x. +2&x,). 
This verifies identities (10) and (11). 0 
3. Natural and spin representations of B, 
We retain notations from Section 2. If we let 
Q:V-+F, u++-n(u), (15) 
then Q is a nondegenerate quadratic form on V such that Q(ei) = -n(ei) = 
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-(e,,e,)#Ofori=l,..., 7. Let C(V, Q) be the Clifford algebra associated with 
V and Q, and let C’(V, Q) be the even Clifford algebra. Since the discriminant of 
Q is -(c@y )” for scalars (Y, P,r E F with c@-y # 0 (these are parameters appearing 
in the multiplication table of 0 [24, p. 34]), we have 
C(V, Q> = M,(F) @M,(F) , C+(Q, V) = M,(F) 
[4, p. 49; 12, p. 2341, w h ere M,(F) denotes the algebra of 8 x 8 matrices over F. 
Henceforth, we denote by x. y the multiplication in C(V, Q) and by C(V, Q)- 
the Lie algebra with multiplication [x, y]’ = x. y - y . x defined on C(V, Q). 
Define the linear map pL by 
pL : V+ End@, UHLu. (16) 
Since by (3) (pL(u))’ = Lt = Lu2 = Q(u)Z f or u,u E V, pL has a unique extension 
to an algebra homomorphism of C(V, Q) to End,0 which induces an iso- 
morphism 
pL : C’(V, Q)+ End,0 , (17) 
called a spin representation of C’(V, Q) (acting on 0). A Lie algebra of interest 
arises from the subspace g” of C’(V, Q) p s anned by the elements [u, v]’ for 
U,U E V. It is easily seen that g” is given by 
i= F(u*u: u,uEVand(u,u)=O) = F(e;e,: lsi<j17) (18) 
and that g” is a central simple Lie algebra of type B, over F [ll, p. 2311, where 
F ( : ) denotes the linear span over F. Then, pL I6 is a Lie algebra isomorphism of 
g” into (End,O) and is called the spin representation of g. 
Remark. We similarly argue that the right multiplication in 0 induces representa- 
tions pR of C(V, Q) and C’(V, Q), acting in 0. However, pL and pR are not 
equivalent in C(V, Q), although they are equivalent on C’(V, Q) since C’(V, Q) 
is simple. In fact, if pL and pR are equivalent on C(V, Q), then there is a 
T E GL(0) such that TL, = R,T and hence T(U) = T(l)u for all u E V. Letting 
a = T(1) E 0, we have T(x) = ax for all x E 0 and n(a) # 0, since T is invertible. 
Thus, for u E V and x ~0, one has a(ux) = T(ux) = (T(x))u = (ux)u and SO 
u(uu) = u2u = u(m) by (3). Since n(u) # 0, this implies uu = au for all u E V and 
hence a = (~1 E Fl for some 0 # (Y E F. But this gives aux = (YXU by the above, so 
ux = xu for all u E V and x E 0, a contradiction. 
On the other hand, as is well known [ll, p. 2311, we have 
Ku, VI’, WI’ = 4((u, w)u - (U, w)u) , (19) 
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for U,U,W E V. If we define the map u by 
CT : g-+ End,V , [w VI’ - c(u, u) ; 
(20) 
a(u, u) : v+ v ) lQ - [[k VI’, WI’ , 
then it is readily seen from (19) that u is an isomorphism of g” to the orthogonal 
Lie algebra on V relative to ( , ) [ll, p. 2321. We call (T the natural representation 
of g” (acting on V). Thus, for U,U,W E V, 
a(u, u)w = [[u, u]‘, w]’ = 4((U, w)u - (u, w)u) . (21) 
A relation between pL and cr is given by the following proposition: 
Proposition 3. Zf pL and u denote the spin and natural representations of g”, then 
PL([U, u]‘)w = o-(24, u)w - 2((u x u) x w + (u x u, w)l) ) 
PL([U, ul’)(l) = [u, ul = 2u x r.J ,
for u,u,w E V. 
Proof. The second relation follows from pL([u, u]‘)(l) = (L,L, - &L,)(l) = 
uu - uu = 2u x u by (5). For the first identity, we recall the following relation 
from [S], 
D,,,(w) = 2d(u, u)w = -2( u x u) x w + 6((u, w)u - (u, w)u) , (22) 
for u,u,w E V. Therefore, using the invariance of ( , ) on (V, X), i.e., (u X 
u, w) = (u, u x w), we obtain 
PL([U, u]‘)w = u(uw) - u(uw) 
= u(u x w - (u, w)l) - u(u x w - (u, w)l) 
= u x (u x w) - (u, u x w)l - (u, w)u 
- u x (u x w) + (u, u x w)l + (u, w)u by (15) 
= u x (u x w) - u x (u x w) + (U, w)u 
- (u, W)U - 2(u x u, w)l by (9) 
= -2(u x u) x w + 4((u, w)u - (u, w)u) 
-2(u x u, w)l by (22) 
= w(u, u)w 
- 2((u x u) x w + (u x u, w)l) by (21). 0 
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Since g” = [V, V]’ and [g”, V]’ = V by (21), the Lie subalgebra .9 = V @g” of 
C(V, Q) gives a reductive pair (9, g). Note that 9 is a central simple Lie 
algebra of type D, over F. 
4. The reductive pair (B,, G,) 
Throughout this section, we assume that F denotes an arbitrary field of 
characteristic #2,3. Let g be the central simple Lie algebra of type B, over F 
given by g = pL( g), and let 
m = (L + 2R), , h=DerO, (23) 
where (L + 2R), denotes the linear span of L, + 2R, for u E V. Since { ei. e,: 
1% i < j 5 7) is a basis of g”, { pL(e,. ei) = L,,L:,: 1 I i < j 9 7) is a basis of g. 
Hence, from (10) we have g C m 63 h. But smce dim V= 7, dim h = 14 and 
dim g = 21, it must be that 
g=m@h. (24) 
As for the reductive pair (G2, AZ) [7], we can show that m is the unique 
complement of h in g with [h, m] c m. The following result proved in [7] is 
essential for this. 
Proposition 4. Let g be a finite-dimensional Lie algebra over F of characteristic 22 
which possesses a nondegenerate trace form B( , ). If h is a simple reductive 
subalgebra of g with dim h > idim g, then the orthogonal complement h’ of h 
relative to B( , ) is the unique complement m of h in g such that [h, m] c m. 0 
Although Proposition 4 is proved in [7] for g with nondegenerate Killing form, 
the same proof applies for g with a nondegenerate trace form. A simple Lie 
algebra of prime characteristic may have a nondegenerate trace form while its 
Killing form is degenerate. For example, the Killing form of g = pL( g) is 
nondegenerate for characteristic >5, but is zero for characteristic 5 [23, p. 471. 
However, g has a nondegenerate trace form for characteristic 22. 
Theorem 5. Let g = pL (g”) be the central simple Lie algebra of type B, over F and 
let m, h be the same as in (23). Then, 
(i) h is a reductive subalgebra of g such that [h, m] C m, 
(ii) m is the unique complement of h in g such that [h, m] c m. 
Proof. (i) In view of (24), it suffices to show [h, m] C m. Since m = (L + 2R),,, 
this follows from the relations [D, L,] = LDx, and [D, R,] = R,, for D E Der A 
and x E A, which hold for any algebra A. 
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(ii) Since g”’ g, by Proposition 4 it suffices to verify that g has a nondegenerate 
trace form. For this, we use the natural representation (T of g” given by (20). For 
s,t,u,u E V, define the trace form B( , ) on g” by 
B([s, t]‘, [u, u]‘) = Tr a(s, t)a(u, u) . 
We use (21) to compute 
IT@, ~)(T(u, u)w = 16(( UT u)(s, t) - (u, w)(s, u))t 
+ 16((u, w)(t, u) - (u, w)(r, u>>s , 
for w E V. It follows from this that 
B([ej, e,l’, [u, ~1’) =32((u, e,)(u, ej) - (u, e,)(u, ej)) 
= 32((~, e,)u - (u, e,)u, e,) 
=8(du, u)e,, e,) by (21) , 
for all i, j = 1, . . . ,7. Since ( , ) is nondegenerate and c is faithful, it follows that 
B( , ) is nondegenerate on g”. 0 
We find from (11) that the reductive algebra (m, [ , I,) has the multiplication 
given by 
[L + W,, L, + 2R,l, = -2(&x, +2&x,) > (25) 
for U,U,W E V. Since h = Der 0 acts on (V, X) as derivations and [D, L, + 
2R,] = L,, + 2R,, for D E h, the following is immediate from (25): 
Theorem 6. The map cp defined by 
P:(~,[,lm>~(V,x>, L,+2R,++-2u: 
is an isomorphism as an algebra and as an h-module. 0 
Theorems 5 and 6 have been proved for the reductive pair (g, h) of a central 
simple Lie algebra g = Der CD of type G, with a simple subalgebra h of type A, 
[7]. In this case, (m, [ , I,) . . 1s isomorphic to the vector color algebra obtained from 
0, and h is isomorphic to its derivation algebra. Moreover, h is realized as the set 
of elements in g which vanish at an invertible element of 0 [7]. We prove an 
analogous result of this for g = pL( g”) and h = Der 0. 
Theorem 7. h = { 4 E g: qb( 1) = O}. 
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Proof. Let L = { C$ E g: 4(l) = O}. For each h = 1,. . . ,7, we form the set 
Zh = {(i, j): 1 I i <j 5 7 and e,e, E Fe,} . 
Thus, if (i, j) E I,,, there is a scalar pij E F such that eiej = pzje,. Let M be the 
subspace of g spanned by the set 
{ pL( /+,ei . ej - cLjiek . el): (i, i), (k, I> E Ih, h = 1, . . . ,V . 
It follows from (10) that if (i, j), (k, I) E Z,, then 
foranyh=l,... ,7. Hence, M C h = Der CD, and clearly M C L. 
For each h=l,... ,7, we designate a fixed pair (p, q) E Ih such that ePe4 = 
p,_e,, with 0 # pPq E F (such scalar cope exists from the multiplication table of 0 
[24, p. 341). Denote & = Zh - {(p, q)}. Since {L,,L,,: 19 i <j 5 7) is a basis of g, 
each 6 E L satisfies the relations 
+ = C %,PL(ei’ ej> = C ai,Le,L, 3 
151<]‘7 Isi<, 
O=+(l)= C q,e,ej= i ( C a,jP,)eh, 
lSi<,57 h=I (i,j)EIh 
which imply 0 = C Cr.j)E,h cqjprj and aPq = -pi, c C,,,)Eih q,~~, . It follows from this 
that 
2 %jPLCei ‘ej) = C PLpql ff;j Pr ( i-&e, ’ ej - 14jep ’ eq> 
(i.l)EIh (i,i)sih 
belongs to M. Since C$ is a sum of these elements over h = 1, . . . ,7, we have 
L C M and hence L = M C h. From the relation 
for h=l,... ,7, we find that the linear map T : g+ V, 4 -4(l) is surjective. 
Since dim V= 7 and dim g = 21, dim L = dim ker T = 14. Since L C h, L = h. 0 
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Finally, we determine all algebras (V, 0) defined on V such that h c Der(V, 0). 
Note first that the set of such algebras (V, 0) is in one-one correspondence with 
the F-space Hom,(V gF V, V) for all h-module homomorphisms of V BF V into 
V, and the correspondence is given by 
f(u@u) = uou ) (26) 
for U,U E V and f E Hom,(V BF V, V). This F-space is determined by the fol- 
lowing: 
Theorem 8. Hom,(V @‘F V, V) is one-dimensional over F and is spanned by the 
map 
L2:V@,V+V, U@V~UXX. (27) 
Proof. Since h = Der(V, X), Ll # 0 is an h-module homomorphism of V C?JF V to 
V. It remains to verify dim,Hom,(V C?JF V, V) = 1. We may assume that F is 
algebraically closed, since if K is the algebraic closure of F, then 
dim,Hom,(V BF V, V) = dim,Hom,-(c OK c, f) , 
where h” and p are the scalar extensions of h and V to K. This is because 
which is the scalar extension of V BF V to K. Therefore, we may assume that 
(V, X) is the split simple Malcev algebra over F with basis {e,, emi, ej: i = 1,2,3} 
given by (7). 
By applying various linear maps of the form d(u, u) to e, @I e_, and using (7) 
and (9), we find that VBFV is generated by e, @e_, as an h-module, i.e., 
d(V, V)(e, (Be_,) = V@,V. Also, d(e,, ec,)(el @e_,) = 0, since d(e,, e_l)e, = 
e, and d(e,, ecl)e_, = -e_,. Thus, any f E Hom,(V @‘F V, V) is uniquely de- 
termined by the value f(el @e-r). It also follows from (7) and (9) that 
{uEV: d(e,,e_,)u=O}=Fe,, 
and hence f(e, 8 e_l) E Fe, for all f E Hom,(V BF V, V), since d(e,, e_,)( f(e, @ 
e-A> = f(d(e,, ecl)(el 8 ccl)) = 0. Therefore, the linear map 
Hom,,(VEQFV, V)-+ Fe,, fHf(e, @e-d 
is well defined and is injective. Since 0 # R E Hom,(V mF V, V) and the dimen- 
sion of Hom,(V QF V, V) is 1, the result follows. 0 
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Theorem 8 is proven in [15, Lemma 3.131 for the characteristic-zero case by 
using the decomposition of V gF V into irreducible modules. However, modules 
of prime characteristic are not in general decomposed into irreducible sub- 
modules. 
Corollary 9. The set of algebra multiplications 0 on V with h c Der(V, 0) is in 
one-one correspondence with F by the relation u 0 u = q(u X u), for 77 E F and 
u,u E V. Zf 77 #O, then (V, 0) E (V, X). 
Proof. Since the set of algebras (V, 0) with h C Der(V, 0) is in one-one corre- 
spondence with Hom,(V gF V, V) by the relation (26), the result follows immedi- 
ately from Theorem 8. If q # 0 then the map (V, X)+ (V, o), u I-+ 77-l~ gives an 
isomorphism. 0 
5. Application to affine connections on S’ = Spin(7) /G, 
Let 0 now be the (division) Cayley algebra (over the real field R). Thus, the 
standard basis { ei: j = 1, . . . ,7} of V given by (6) is orthonormal relative to ( , ), 
i.e., (e, , ej) = a,, and Aut 0 = Aut(V, x ) is the compact Lie group of type G, 
with Lie algebra h = Der 0. In this case, (V, X) becomes one of the two central 
simple real (non-Lie) Malcev algebras [14,1.5,24], and is called the compact 
Malcev algebra of dimension 7 (since the form ( , ) is positive definite). 
The map pL : C’(V, Q) + End,0 given by (17) induces an irreducible repre- 
sentation of the spin group 
Spin(Q)=Spin(7)={u,*..:u,,EC+(V,Q): uf=-l,uiEV} 
acting on 0 [4]. It is well known that p,(Spin( Q)) is the compact Lie group of 
type B, with Lie algebra g = pL( g”) [4]. As before, (g, h) is a reductive pair with 
h = Der 0 and with decomposition (24). Let 
S’ = {x E 0: n(x) = (x, x) = l} 
Since the norm n satisfies the composition law, i.e., n(xy) = n(x)n( y) for x,y E 0, 
Spin(Q) acts on S’ via pL. In fact, this action is transitive and analytic. 
Theorem 10. (i) h=DerO={+Eg=p,(g”): 4(1)=0}. 
(ii) G, = Aut 0 = (0 E PL(Spin(Q)): 13(l) = l}. 
(iii) Spin(Q) t ac s via pL analytically and transitively on S’ and S’ = Spin(Q) I 
G, as a reductive homogeneous space. 
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Proof. Part (i) follows from Theorem 7. 
For (ii) let us consider 
H={e~p,(Spin(Q)): 0(1)=1} 
= {&(U, . u2.. . . uzr): ui E V, n(u,) = 1, i = 1,. . . ,2r and 
%(U*(. . . (4-14,). . .)) = 11 
= { &(U, . u2. . . . . uZr): ui E V, n(u,) = 1, i = 1, , . . ,2r and 
Ul = -%(%(. . .(%-I%). . .>I> > 
which is easily shown to be connected. Since the Lie algebra of both H and 
G, = Aut 0 is h = Der @I and both are generated by exp Der 0 because they are 
connected [21], the assertion (ii) follows. Thus, G, is the isotropy subgroup of 
G = Spin(Q) at 1 E S’. It follows that if G acts on S’ transitively, then the map 
G-S’, x~~~(x)(l) . d m uces an analytic bijection of GIG, to S’ and hence 
G/G, z S’ becomes a homogeneous space, since G/G, is compact [21, p. 1011. 
Hence, it suffices to show that G operates on S’ transitively via pL. We first recall 
the identity 
(u x u) x u = (u, u)u - (u, lJ)u 
holding for (V, x), which is a consequence of (3)-(5) [7]. For any u E V, we can 
choose a u E V with n(u) = 1 and (u, u) = 0. Hence, by the identity above, 
u = -(u x v) x u = u x (u x u), and by the invariance of ( , ) on (V, x), (u, u X 
u) = 0. Letting w = u x u = uu, we find elements u,w E V such that n(u) = n(w) = 
1, (u, u) = (u, w) = 0 and u = u x w = uw. 
Let x be any point on S’ with x # 1. There is a u E V such that x = (~1 + @u 
with n(u) = 1. As argued above, we find u,w E V such that n(u) = n(w) = 1, 
(u, w) = 0 and u = uw. From this, it follows that 
&(U * (-au + Pw))(l) = L,&“,,,(l) = U(-au + pw> 
=(Y1+puw=CY1+pu=x, 
but u .(-au + /3w)E G, since n(-au + pw) = a2 + p2 = n(x) = 1. This proves 
transitivity of the action of G on S’. 0 
The fact that S’ = Spin(7)lG, has been proved in several contexts, using 
different methods (see, for example, [3, lo]). 
We identify m = (15 + 2R), with the tangent space T(S’, Z) at Z = 
eG, E S’ = Spin(Q) /G,. Note that m is the unique complement of h with 
[h, m] G m, and m = h’ relative to the Killing form of g (Proposition 4). For 
168 A. Elduque, H. C. Myung 
simplicity, denote TV = L, + 2R, for u E V. By Theorem 6, the map 
cP:(m,[,l,)~(v,x), 7, k-3 -2u (28) 
is an algebra and h-module isomorphism. 
Theorem 11. The set of algebra multiplications * on m with ad h c Der(m, *) is in 
one-one correspondence with the set of algebra multiplications 0 on V with 
h c Der(V, o), under the relation 
7, * 7” = cp -‘Kcp~J”((P~“N = -2777,x, 2 (29) 
where q is a real number such that u 0 u = ~(u x u) for all u,v E V. 
Proof. For an algebra (V, 0) with h c Der(V, a), using the map cp of (28) we 
define a multiplication * on m by relation (29). Clearly, cp : (m, *)+ (V, 0) is an 
isomorphism, and since cp : m+ V is an h-module isomorphism, it is readily seen 
that ad h c Der(m, *). By Corollary 9, there is a real number n such that 
uou=~(uXu) for all u,u E V, and hence T,, *ru = c~-~((-~u)o(-~v)) = 
4&(u x u) = _2777,.” by (28). Since this process is reversible, we have the 
desired correspondence. 0 
Consequently, by Theorem 1 there is a one-one correspondence between the 
set of Spin(7)-invariant affine connections V on S7 = Spin( Q)lG,, the set of 
algebras (V, 0) with h ~Der(v, 0) and [w. Accordingly, the algebra (V, X) 
parametrized by real numbers can be used to describe geometric properties of V, 
such as geodesics, torsion and curvature tensors, etc. [19-211. 
In view of (29), we let Vq denote the Spin(Q)-invariant connection on S7 
associated with (m, *) and n E [w. Let T” and RR be the torsion and curvature 
tensors of V”. By the invariance of V”, T” and R” are determined by its values at Z 
which are expressed by [9,17], 
Using the isomorphism cp, it suffices to compute TT and Rz defined by 
for u,u,w E V. In [9], we have obtained T; and R; in terms of (V, X) and 77 as 
follows: 
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T;(u, u) = 4(2r] - 1)~ x u , 
R;(u, u)w = 8(2q2 + 77 - l)(u x u) x w 
- 24(~* - l)((u, w)u - (u, w)u) . 
Proposition 12. An invariant connection V’ on ,S’ = Spin(Q) IG, has zero torsion 
if and only if it is the canonical connection V’ of the first kind with connection 
algebra (m, i [ , I,). A4 oreover, Vf is Riemannian with curvature tensor 
R’(T~, T,)T, = 9((u, w)~, - (u, w)~,) . (30) 
Proof. From the foregoing relations, V” has zero torsion if and on,ly if q = &. It 
follows from (25) and (29) that the connection algebra of V’ is given by 
(m, i[ , I,) and hence Vi is the canonical connection of the first kind. Since 
R’(T~, T,)T, = qp’((R?(u, u)w), we obtain (30) from (28) and the relation 
above. 0 
Comparing with the natural representation u of g” in (21), we have 
R;(u, u) = ;a(~, u) . 
Note that a(V, V) is the compact Lie algebra of type B, with basis {a(ei, e,): 
1 f i < j 5 7). Using (21) or (30), it is easy to furnish the multiplication for B,, 
[de,, ej), 4ek elII = i(si,dej2 ek> + $k4e,y e,> 
- 6iku(ej, e,> - s,,4ei, ek)) ,
for i,j,k,l=l,... ,7 with i<j and k<l. 
As discussed in [20], certain invariant connections on a reductive homogeneous 
space on G/H naturally arise from invariant Lagrangians on G/H. For the 
decomposition (1)) any Ad H-invariant function K : m + [w induces a G-invariant 
Lagrangian L on G/H. Moreover, the Euler vector field obtained from L gives 
rise to a pseudo-metric connection algebra (m, *, C) with the corresponding 
invariant connection V having zero torsion, where C is Ad H-invariant [20, p. 
2511. Note that if Ad H c Aut(m, *) and f is a polynomial, then K(X) = 
trace f( L,) gives an Ad H-invariant function K : m+ [w, where L, is the left 
multiplication in (m, *) by X [20, p. 2481. If (m, *, C) is a pseudo-metric 
connection algebra as above, then the kinetic energy function K given by 
K(X) = ; C(X, X) . d m uces an invariant Lagrangian L on GIH and the conserva- 
tion of the energy K on the trajectory of the Euler equation for L implies the 
algebra identity C(X* X, X) = 0 for all XE m [20, p. 2431. Thus, certain 
mechanical properties on G/H play a role for the structure of the algebra 
(m, *, C). 
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For S7 = Spin(Q) /G,, as in [20] we identify m = V by the isomorphism 9. It 
follows from Theorem 11 that the connection algebra (V, *) of any invariant 
connection V” on S7 is anticommutative and hence the geodesics of V” are of the 
form (exp tu) G, (t E R) for u E V. Let (V, *, C) be the connection algebra of an 
invariant Lagrangian on S7 with the corresponding connection V”. Any ad h- 
invariant bilinear form on V induces an h-module homomorphism from V to its 
dual V* . But V is an absolutely irreducible self-dual h-module, so Hom,(V gR V, 
Pi) z Horn,,, V, V*) g Hom,(V, V), and this is one-dimensional by Schur’s 
Lemma. Alternatively, the same proof as for Theorem 8 gives also 
dim Hom,(V Bw V, R) = 1. Therefore, since ( , ) and C are ad h-invariant,1 C = 
A( , ) for some A E R. If V” has zero torsion, then by Proposition 12, V” =V’ and 
hence (V, *) is the compact Malcev algebra of dimension 7. This has been proved 
in [20] using a different method. 
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